Abstract-The steady-state exact solution for the higher harmonic gratings that synthesize the space-charge field is derived without restrictions within an electron-hole transport model which allows the behavior of these harmonic gratings to be determined rigorously in terms of the main photorefractive parameters. The model predicts the independence of the fundamental and harmonic amplitudes on the average excitation intensity. With respect to the modulation depth , the dependence of each -harmonic order is established as which is the result obtained in the single-level model. In terms of the grating spacing, three regions of quite different behavior are identified as the linear, transition, and nonlinear regions. The extent of each region in terms of 3 strongly depends on the acceptor density relative to the donor density. If the acceptor density is much greater or smaller than the donor density, the linear region spreads out toward the lowest spacing, the nonlinear region extends toward the highest spacing, and the intermediate region is located in-between, as in the Kukhtarev model. But, for similar concentrations, the nonlinear region is shifted toward smaller spacing with respect to the linear region. On the other hand, the electron-hole competition can be deleterious for recording the grating, due to the charge compensation produced by the additional charge carrier that screens the internal space-charge field. Also, the relative importance of the higher harmonics is apparent for the smallest values of the external field as in the single-level model. Index Terms-Electron-hole transport model, harmonic gratings, photorefractive materials.
I. INTRODUCTION
T HE STUDY of nonlinear effects in photorefractive materials is of great interest because of its potential applications in optical and optoelectronic devices. Experimentally, it is well established that the nonlinearity appears at large modulation depths of the excitation intensity [1] and the nonlinear phenomena are related to the loss of the sinusoidal profile of the refraction index grating, which was attributed to the formation of harmonic gratings in addition to the fundamental grating [2] . Each harmonic grating satisfies the Bragg condition for its fringe spacing and has been observed in several photorefractive materials, such as barium titanate (BaTiO ) [3] , [4] , strontium barium niobate (SBN), barium strontium potassium sodium niobate (BSKNN) [3] , bismuth oxide titanium (BTO) [5] , and bismuth oxide silicon (BSO) [1] , [6] , [7] . From a theoretical point of view, each harmonic index grating is related to each harmonic term in the Fourier development of the space-charge field. The behavior of the higher harmonic field components was rigorously studied within the framework of the one-level model [8] , [9] . However, for a diverse range of photorefractive materials, this early model fails to explain certain peculiar experimental results, as the sub-linear dependence of the photoconductivity on average excitation intensity [10] and double build-up and decay times in the diffraction efficiency [11] - [15] and photocurrent [12] , [14] , [16] . These results have been satisfactorily explained by means of the well-known shallow trap model, and the harmonic gratings were recently analyzed within this framework [18] . Unfortunately, this model does not cover all materials because there exist further experimental results that could not be explained by models that postulate a single-charge transport mechanism. Measurements of the gain coefficient for beam coupling, which is proportional to the space-charge field when there is no applied field, demonstrated that it changes its sign in terms of grating spacing and the excitation intensity in some photorefractive crystals [19] - [21] . This anomaly is necessarily attributed to the electron-hole competition process, and the sign of the space-charge field is related to the sign of the dominant charge transport carrier. Moreover, it was shown recently that the double exponential decay in the photocurrent, which was attributed to the shallow trap model, can also be explained by a model that postulates a bipolar transport mechanism [22] . Then, despite the fact that the electron-hole transport mechanism was extensively confirmed in certain photorefractive materials, the nonlinear regime, that must account for the appearance of higher harmonics, was not analyzed within this framework. A literature review indicates an isolated work that analyzes the relative behavior of the second harmonic grating by using an approximate resolution method of perturbative character [23] .
The lack of awareness of the global behavior of the harmonic gratings within an electron-hole transport model suggested to us to analyze this approach over an arbitrary range of the main excitation parameters by solving in exact form the material equations for a model that postulates that electrons are generated from deep donor impurities and that holes are produced from deep acceptor species. Then, from the analysis, we predict the rigorous dependence of the harmonic amplitudes on the average intensity, modulation depth, grating spacing, and external field, as well as the precise space-charge field spatial distribution in the crystal and harmonic components needed for field convergence. Regions of linear and nonlinear behavior can also be clearly identified and the results can be compared with those obtained from unipolar transport models: specifically the Kukhtarev [9] and shallow trap models [18] . 
II. ELECTRON-HOLE TRANSPORT MODEL
The analysis is carried out by following an approach that postulates the existence of deep photorefractive centers that generate either an effective donor level in the forbidden gap, which is responsible for the generation and recombination of free electrons in the conduction band, or on the other hand, an effective acceptor level originated by other impurity centers, which is the responsible of the generation of holes in the valence band. This arrangement was observed in diverse photorefractive materials: BSO [24] , BaTiO [19] , [20] , photorefractive semiconductors such as InP:Fe [23] and other materials [25] , [26] .
We assume that the steady-state gratings inside the crystal are formed by a stationary two-wave interference spatial pattern where the incident wave vectors form an isosceles triangle with the grating vector of modulus . The grating spacing is , where is the wavelength employed and is the angle between the incident wave vectors. The 1-D distribution intensity is (1) where and are the incident beam intensities, is the modulation depth, and is the spatial variable.
In the following, we will describe the electron-hole transport model concerned with this paper. It is essentially an enlarged version of the early Kukhtarev model [27] . The well-known transport mechanism processes, diffusion and drift, are taken into account for both charge carriers in this work. The absorption and two-wave coupling variation in the excitation beam propagation direction is disregarded so that the electron-hole model equations are reduced to 1-D equations in the -direction, perpendicular to the excitation direction . The total current density is the sum of both density currents, for electrons and for holes, which take into account the drift in an electric field and diffusion due to a charge carrier concentration gradient
where free-electron density in the conduction band; free-hole density in the valence band; , electron and hole mobilities, respectively; electronic charge; Boltzmann's constant; temperature; spatial coordinate, perpendicular to the excitation direction. is the total electric field, including the external and the raised photorefractive field.
The photorefractive material contains two noninteracting photoactive impurity species, donors of total number density and acceptors of total number density . Electrons are ionized from donors of density that move by drift and diffusion, and recombine into empty traps of number density . Holes are photoexcited into the valence band from acceptors , and recombine at traps denoted . At thermal equilibrium, a certain fraction of donors and acceptors are ionized and there is a concentration of other nonactive ionized impurities of density that compensates the ionized donors and that compensates the acceptors. These impurity centers do not participate in the photorefractive process but ensure charge neutrality in the crystal. It can neglect both thermal reexcitation rates , corresponding to electrons and holes, respectively, because the energy levels are deep. The population balance for donors and acceptors, Poisson's equation, and the electron and hole continuity equations can be written as [27] (4) (5) (6) (7) (8) where , cross sections for photoionization of deep donors and acceptors, respectively; , recombination constants of donors and acceptors, respectively; static dielectric constant; vacuum permittivity; . Our aim is to obtain exact solutions for the higher harmonic amplitudes that synthesize the space-charge field in the steadystate regime from the equation set (1)- (8) . Then, the rigorous behavior of the harmonic gratings can be analyzed within the electron-hole model framework.
III. HARMONIC GRATINGS IN STEADY-STATE REGIME
The steady-state regime is obtained by setting in the electron-hole material equations. In typical experiments, the spacing ranges between 0.2 m and 10 m, which is much less than the crystal dimensions ( mm). Then, it is possible to disregard boundary effects and the variable , which represents any one of the magnitudes and , can be treated as being periodic with period . Under these conditions, it is convenient to develop in terms of a spatial Fourier series
The problem is then reduced to find the grating amplitudes , and phases , with regard to the excitation pattern . Math-ematically, it is more convenient to work in the complex plane. Then, we use the complex series [4] (10)
to describe the real physical magnitudes. In addition, the variables and are related by and the amplitudes and phases are related by , and . In particular, we are interested in the space-charge field Fourier expansion (11) since, from the complex harmonic fields, , we can directly obtain the harmonic field component amplitudes and phases related to the photorefractive harmonic gratings. The diffracted intensity of each -harmonic index grating is related to the amplitude of each -harmonic component of the photorefractive space charge field [4] , [8] .
Before obtaining the gratings, we derive the equation for the stationary average free-carriers density. From (7)- (8) (12) (13) where , and are constants. At thermal equilibrium, both free charge carrier densities are negligible because they must be excited from deep centers, i.e., , which indicates that and . By combining (4)- (8), we obtain the equations of average density evolution for the free electrons and holes, which coincide with the equations obtained by Valley [27] (14) (15) These equations reduce to the well-known single-level model equation [28] , when acceptor species that generate holes become negligible with regard to the donors species that generates electrons, or vice versa [27] . The solutions are (16) (17) In the continuum regime with intensities between -W/cm and keeps a linear behavior in terms of .
To find the exact solutions for the stationary harmonic gratings , we reduce the original system of (2)- (8) to the simplest system given by the set of three equations as follows: (18) (19) Then, by replacing series (10) in the system (18)- (19) and after tedious calculations, equations in the different factors are generated
. By equalizing coefficients of the same order in , it is possible to obtain expressions for the complex harmonic field coefficients in terms of material and excitation parameters, the -order carrier grating, , and the lowest orders of the harmonic fields and carrier gratings with . The expressions for the -order carrier gratings are (20) The fundamental, second, and arbitrary -order field harmonic amplitudes can be written as
and (23) where is the diffusion field, is the donor or acceptor saturation field, and (24) The coefficients are and , for . The coefficients are defined by recurrence as .
IV. RESULTS AND DISCUSSION
In this section, we discuss the results obtained from the analysis of the exact solutions of corresponding to the electron-hole transport model, given in (21)- (23) . The simultaneous dependence of the photorefractive field components on the average excitation intensity , the modulation depth , and the grating spacing , as well as the precise space-charge field spatial distribution within the material, with or without applied field, are analyzed for different concentrations of ionized and nonionized photorefractive species. The values of the experimental parameters are taken to be in the usual experimental range W/cm W/cm m m and kV/cm. This set of material parameters corresponds to that usually employed for BSO crystals [8] , and has been used in our previous work concerning harmonic gratings within the one-level Kukhtarev model [9] and the shallow trap model [18] .
A. Harmonic Grating Behavior in Terms of the Main Photorefractive Parameters
The behavior of harmonic amplitudes depends on the difference of the concentrations of impurity ionized and nonionized centers in thermal equilibrium that generate electrons and holes [24] , [27] , [29] , [30] . The analysis is done by varying the concentration of impurities, that produces different rations of free electrons and holes. First, we analyze the dependence on the average excitation intensity. The harmonic gratings were predicted to be independent of for arbitrary parameter sets, as in the Kukhtarev model [9] . This behavior is related to the linear dependence of the photoconductivity on the intensity .
In our previous papers related to the single and shallow trap models, it was clearly established that the higher gratings tend to appear more strongly for increasing values of both the modulation depth and the grating spacing. By following the same analysis within the electron-hole model, we depict in Fig. 1 the fundamental and the two higher harmonic amplitudes versus and simultaneously. Subfigures . Three typical behaviors appear depending on the values and also with regard to the thermal equilibrium ionized donors, . When , the photorefractive effect depends on the redistribution of holes in acceptor centers with the corresponding sign for the space-charge field. The Debye screening length is shifted toward lower -values and the harmonic amplitudes of are enhanced around these values compared with the single-level model. The dynamical situation is equivalent to a model with a single photorefractive impurity center (acceptor) and single transport mechanism realized by holes with a high value of the thermal equilibrium ionized centers. It is observed that the -surface changes very slightly with a strong variation of the total acceptor density . For instance, the fundamental amplitude value, at Debye screening length , varies only from 3.5 dV/cm for cm , to 4.5 dV/cm for cm . Identical behavior is observed for the higher harmonic gratings. On the other hand, when the condition , is fulfilled [ Fig. 1(a ) ], the distributions of electrons and holes are similar in the same spatial region. This produces a screened space-charge field due to the charge compensation. As a consequence, the index grating change is negligible, even at high values, and the photorefractive effect could not be produced in this kind of material. Therefore, the presence of material with the same electron and hole conductivity order could be bad if higher index changes are required. One can see from the plots that the gratings are screened since their strengths are relatively small. For the fundamental grating, the value of the Debye screening length, , remains around the single-level model value [9] but, for higher harmonics, a peculiar behavior is observed:
is shifted toward lower spacing values, as well as the harmonic gratings tend to appear more strongly. Finally, the harmonic grating behavior is analyzed for relatively small values of thermal ionized acceptors [ Fig. 1(b ) ]. Due to the small amount of ionized acceptor traps, the redistribution of holes in acceptor traps is inefficient to induce the photorefractive effect. The gratings are mainly formed by electron redistribution in donor traps, since the hole-grating does not influence the photorefractive dynamics, and the harmonic amplitude surfaces are similar to the single-level model [9] , as is expected. It is verified that for relatively low values of , the harmonic amplitudes do not change for different values of total acceptor density . Fig. 1 also shows how the harmonic amplitudes depend on the modulation depth . The analysis in terms of is very important since the higher photorefractive harmonic gratings and certain nonlinear phenomena were observed for high values of this parameter [1] , [4] . The linear, quadratic and cubic dependence of the fundamental, second and third harmonic amplitude versus for arbitrary modulation depth, grating spacing, and ionized and nonionized impurity density parameters, is clearly observed in Fig. 1 . These peculiar results are similar to those obtained for the single-level [9] and shallow trap model [18] . In general, we prove that , by using the induction complete principle. To emphasize the relative importance of the harmonic gratings in the usual experimental region, we analyze the ratio , which is plotted in Fig. 2 . Some classical features, which appeared in the one-level and shallow trap model, are apparent in this model. It is shown that for the linear region, , regardless of the spacing value, the highest harmonic gratings are negligible in comparison with the fundamental grating independently of and values. Nonlinearities do not appear in this region. Three well-defined regions for the higher harmonic gratings relative to the fundamental grating can also be distinguished and identified as the linear, transition, and nonlinear regions. Within the electron-hole transport framework, the extent of each region in terms of depends on the ionized and nonionized acceptors relative to donors strongly. A high concentration of acceptor traps produces a strong redistribution of holes. Consequently, the efficient formation of the internal field is a consequence of this charge carrier since the redistribution of electrons into donor traps remains screened. The harmonic components become important in an enlarged region of , and the nonlinear region was extended toward lower spacings noticeably. In this nonlinear region, the importance of the higher order harmonics is strong even for small modulation values and, in consequence, depends strongly on both external parameters and . Note that for values closer to one, the three higher harmonic amplitudes reach the fundamental grating. On the other hand, when the space-charge field is screened due to compensation of complementary electron-hole gratings [ Fig. 2(a ) ], the higher harmonics are negligible against the fundamental grating in all regions. Only the second harmonic amplitude reaches a relatively noticeable value for high and, curiously, for lower values. This happens because the Debye screening length is shifted toward lower spacing with respect to the screening length of fundamental amplitude as observed from Fig. 1 . Afterwards, the Debye length screening of each higher order grating is shifted toward the highest spacing with respect to the fundamental order, and the maximum values of the -surface are also shifted toward larger spacing. Finally, it is verified that for relatively low acceptor density [ Fig. 2(a ) ], the ratios coincide with the classical result for the single-level model [9] , since the redistribution of holes into these traps are negligible compared with the redistribution of electrons into donor traps, and nonlinear effects due to these centers do not appear. These results do not depend on the total acceptor density relative to donor density . In short, the model predicts that the linear and nonlinear regimes depend not only on the modulation and the spacing, as in the single-level model, but also on the acceptor species. This suggests that an analysis of nonlinear response would be incomplete without including a detailed analysis of the complete set of these parameters.
The harmonic gratings behavior was studied on the external field to complete the analysis. Fig. 3 shows the dependence of the fundamental, second, third, and fourth harmonic amplitudes for . Each row corresponds to different -regions: m; in the figures m; m; m. Each column corresponds to different concentrations of acceptor species, and their numerical values are given in Fig. 3 . For , the same behavior is verified as in the Kukhtarev model. Nevertheless, for , the field amplitudes are screened as is expected. In terms of , for [in Fig. 3(a ) and (b ) ], the applied field does not change the amplitudes of the fundamental and harmonic gratings, for arbitrary values of and . It means that the harmonics are negligible with regard to the fundamental amplitude. The region is shown in Fig. 3(a ) and (b ) . Note that the fundamental and harmonic amplitudes grow sublinearly, with the fundamental slope steeper than the harmonic ones when the applied field increases. Note that the behavior of the fundamental grating becomes more linear for higher values of and higher as compared with . In the region , the increase of the harmonic gratings becomes outstanding as increases, as can be seen from Fig. 3(a ) and (b ). For high values of the applied field, the sublinear behavior of the harmonics with regard to the fundamental grating for low is apparent. But, for higher concentrations of , all the harmonics exhibit a linear behavior, as Fig. 3(b ) shows. A strong screening of the photorefractive field appears when the acceptor density is similar to the donor density, as Fig. 3(a ) indicates. The nonlinear response of the photorefractive medium is stronger for smaller values of the applied field, a result similar to the Kukhtarev [9] and shallow trap models [18] .
B. Space-Charge Field Profile
The space-charge field is formed by the contribution of the harmonic components as it was early predicted by the pioneer work of Alphonse et al. [2] . They established that the sinusoidal profile loss of the space-charge field is a consequence of the contribution of the higher harmonics to the total internal field. Consequently, the nonsinusoidal modulation of the refractive index is due to the nonlinear effect. As a consequence, numerous papers have attempted to emphasize the nonlinear response by analyzing the spatial distribution along a grating period within the one-level model framework. Nevertheless, despite the experimental evidence that indicates the existence of many materials with an electron-hole transport mechanism, there are few papers studing the grating behavior within this framework, but they employ only approximate methods. A rigorous analysis of the mentioned profile is possible only with the exact knowledge of the -order amplitudes and phases of the harmonic gratings from an analytic expressions. In this section, we describe the space charge field profile by using the electron-hole transport model given by (21)- (23) , which enables us to predict the -profile from the analysis of the convergence of the Fourier expansion (11) . In Fig. 4 , the -profile is plotted along two grating periods for several values of the modulation depth in the three -intervals studied: linear ( m, subindex ), transition ( m, ) and nonlinear ( m, ), without an applied field. Each column corresponds to different values of the ionized acceptors and the total density with regard to the donors. Fig. 4(a ) Fig. 4(a ) ], being noticeable in the relative influence of the second harmonic. Its relative amplitude decreases when increases [ Fig. 4(a ) ], and it becomes negligible in the high -region. As a consequence, the sinusoidal profile is observed [ Fig. 4(a ) ]. However, in all the cases, the grating amplitudes are relatively low due to the competition among the -gratings. On the other hand, and in accordance with preceding section, when the redistribution of one of the carriers is dominant, the results coincide with the Kukhtarev model [9] : the region of smaller spacings [ Fig. 4(b ) ] corresponds to the linear region where the profile is sinusoidal. Only the component is necessary, even for relatively high values of . In the -region [ Fig. 4(b ) ], the space-charge field slightly loses its sinusoidal profile which indicates the growth of middle harmonic gratings. A -shift between the grating and the interference fringes (dashed lines) is also observed. Finally, the region of higher spacings [ Fig. 4(b ) ] is identified with the nonlinear region. In this case, the number of harmonic components needed to synthesize the space-charge field is high and the sinusoidal profile is completely lost.
The spatial distribution of the space charge field versus the applied field is shown in Fig. 5 . Each row corresponds to the above mentioned -regions, and each column corresponds to acceptor and donor density values. An antisymmetric behavior around the point at which the field is null is broken as Fig. 5 shows. This point changes with the modulation and the positive values of are now different in comparison with the negative values. This asymmetry depends on the external field direction, which defines a privileged transport direction. Therefore, if one needs to store a large number of gratings, then it is necessary not only to move to high modulation and high spacings, but also to avoid materials with similar electron and hole photoconductivities.
V. CONCLUSION
The behavior of the steady-state of photorefractive harmonic gratings was derived without any simplifications by solving in exact form the material equations within an electron-hole transport framework. The analysis was done by employing material parameters values corresponding to BSO crystals and primary external parameters, such as the average excitation intensity, modulation depth, grating spacing, and the applied electric field within the experimental ranges commonly used. It was found that the higher harmonic amplitudes do not depend on the average intensity of the fringe pattern in a typical CW range. In terms of the grating spacing, and in agreement with the single-level model, the three regions of quite different behavior are identified and analyzed. Within the electron-hole transport framework, the extent of each region in terms of strongly depends on the ionized and nonionized acceptor species relative to the donor species. If the acceptor density is much greater or smaller than the donor density, the linear region spreads out toward the lowest spacing, the nonlinear region extends toward the highest spacing, and the middle region is located in-between, as in the Kukhtarev model. However, for similar concentrations, the nonlinear region is shifted toward smaller spacing with respect to the linear region, since the Debye screening length of the higher component is shifted toward smaller spacings. Besides, the harmonic gratings dependence in terms of the modulation depth is rigorously established as as in the single level model. In terms of the applied field, the nonlinear response is apparent for small values of this parameter. On the other hand, the electron-hole competition, associated with similar donor and acceptor densities, can be deleterious for the grating recording, due to charge compensation produced by the additional charge carrier that screens the internal space-charge field.
